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Abstract 

Let G be an abelien group, e an anti-bicharacter of G and L a G-graded e 
Lie algebra (color Lie algebra) over K a field of characteristic zero. We prove 
that all G-graded, positive filtered A such that the associated graded algebra 
is isomorphic to the G-graded e-symmetric algebra S{L), there is a G- graded 
£-Lie algebra L and a G-graded scalar two cocycle uj £ Zg^(L,K), such that 
A is isomorphic to Uuj{L) the generalized enveloping algebra of L associated 
with io. We also prove there is an isomorphism of graded spaces between the 
Hochschild cohomology of the generalized universal enveloping algebra U{L) 
and the generalized cohomology of color Lie algebra L. 

Classification AMS 2000: 16E40, 17B35, 17B75. 

Key words: cohomology, universal enveloping algebra, generalized enveloping 
algebra, color Lie algebra. 


Introduction 


Let G be an abelein group, e an anti-bicharacter of G and {L, [, ]) a G-graded 
£ Lie algebra (color Lie algebra) over K a field of characteristic zero. Let to £ 
Zg^(L, K.) be a scalar graded two cocycle of degree zero in the sense of Scheunert- 
Zhang, 1^. The generalized enveloping algebra (or w-enveloping algebra) of L 
is the quotient of the G-graded tensor algebra T{L) by the G-graded two-sided 
ideal generated by the elements ( 8 )U 2 — e(|ui|, |u 2 |)u 2 ®V 2 — [^ 1 ,^ 2 ] — w(ui, U 2 ), 
where ui,U 2 are homogeneous elements of L. The object of the present paper 
is to study the structure of the generalized enveloping algebra. In Section 1 we 
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fix notation and provide background material concerning finite group gradings 
and color Lie algebras. In Section 2 we introduce the generalized enveloping 
algebra of color Lie algebra and study its properties. In particular we state 
the generalized Poincare-Birkhoff-Witt theorem for the generalized enveloping 
algebra. In Section 3 we classify all C?-graded, positive filtered A such that the 
associated graded algebra is isomorphic to the G-graded ^-symmetric algebra 
S(L) which extends the result of Sridharan for Lie algebras, [7|. In Section 4 
we introduce a graded generalized cohomology (or w-cohomology) of color Lie 
algebras which coincides with the graded Chevalley-Eilenberg cohomology of 
degree zero of L introduced by Scheunert and Zhang |H] in the case w = 0. We 
show that there is an isomorphism of graded spaces between the Hochschild 
cohomology of the generalized universal enveloping algebra and the graded w- 
cohomology of color Lie algebra. 


1 Premilinaries 


Throughout this paper groups are assumed to be abelian and K is a field of 
characteristic zero. We recall some notation for graded algebras and graded 
modules and some facts on color Lie algebras from ( 0 : 0 )- 

1.1 Graded Hochschild cohomology 


Let G be a group with identity element e. We will write G as an multiplicative 
group. An associative algebra A with unit 1a, is said to be G-graded, if there 
is a family {Ag\g G G} of subspaces of A such that A = Qg^oAg with 1a G Aq 
and AgAh C Agh, for all g,h € G. Any element a G Ag is called homogeneous 
of degree g, and we write |a| = g. 

A left graded A-module M is a left A-module with a decomposition M = 
©ggcAIg such that Ag.Mh Q Mgh- Let M and N be graded A-modules. Define 

HomA-gr(M,Af) = {/ G Hom^(M,iV)| f{Mg) C Ng^ g & G] . (1.1) 

We obtain the category of graded left A-modules, denoted by A-gr, ,p. Denote 
by Ext(^_g,,(—, —) the n-th right derived functor of the functor HomA-gr(—, —). 
Let us recall the notion of graded Hochschild cohomology of a graded algebra A. 
A graded A-bimodule is an A-bimodule M = ©gg^Mg such that Ag.Mh-Ak C 
Mghk- Thus we obtain the category of graded A-bimodules, denoted by A-A-gr. 
Let A® = A © A°P be the enveloping algebra of A, where A°p is the opposite 
algebra of A. The algebra A® also is graded by G by setting A® := J2heG © 
Ah-ig. Now the graded A-bimodule M becomes a graded left A®-module by 
defining the A®-action as 

{a®h)m = a.m.b, (1.2) 

and it is clear that AgMh C Mgh, i.e., M is a graded A®-module. Moreover, 
every graded left A®-module arises in this way. Precisely, the above correspon¬ 
dence establishes an equivalence of categories 

A-A-gr ~ A®-gr. (1-3) 
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In the sequel we will identify these categories. Let M be a graded ^-bimodule, 
as above, M may be regarded as a graded left A®-module. The n-th graded 
Hochschild cohomology of A with value in M is defined by 

HH” (A, M) := Ext;^e_g,(A, M), n > 0, (1.4) 

where A is the graded left A®-module induced by the multiplication of A, and 
the algebra A^ = is considered as a G-graded algebra. 


1.2 Lie color algebras 

The concept of color Lie algebras is related to an abelian group G and an anti¬ 
symmetric bicharacter e : G x G ^ K^, i.e., 

e{g,h)e{h,g) = 1, (1.5) 

e{g,hk) = e{g,h)e{g,k), (1.6) 

e{gh,k) =e{g,k)e{h,k), (1.7) 

where g, h, k G G and is the multiplicative group of the units in K. 

A G-graded space L = (Bg^cLg is said to be a G-graded e-Lie algebra (or simply, 
color Lie algebra), if it is endowed with a bilinear bracket [—, —] satisfying the 
following conditions 

[Lg, L/i] C Lg/i, (1.8) 

[a,6] =-e(|a|, |6|) [6,a], (1.9) 

e (|c|, \a\) [a, [b, c]] -f e (|a|, |6|) [b, [c, a]] + e (|&|, |c|) [c, [a, b]] = 0, (1.10) 

where g,h € G, and a,b,c G L are homogeneous elements. 

For example, a super Lie algebra is exactly a Z 2 -graded e-Lie algebra where 

e(z,j) = (-!)*',V i,jeZ 2 . (1.11) 

Let L be a color Lie algebra as above and T{L) the tensor algebra of the G- 
graded vector space L. It is well-known that T (L) has a natural Z x G-grading 
which is fixed by the condition that the degree of a tensor oi 0 ... <8) a„ with 
tti G Lg^, (/i G G, for 1 < f < n, is equal to {n,gi + ... + g„). The subspace of 
T (L) spanned by homogeneous tensors of order < n will be denoted by T” (L). 
Let J [L) be the G-graded two-sided ideal of T (L) which is generated by 

a 8 6 — £ (|a|, |6|) 5 8 a — [a, 5] (1-12) 

with homogeneous a, 5 G g. The quotient algebra U {L) := T (L) / J (L) is called 
the universal enveloping algebra of the color Lie algebra L. The K-algebra U (L) 
is a G-graded algebra and has a positive filtration by putting [/„ (L) equal to 
the canonical image of r„ (L) in T (L). 

In particular, if L is £-commutative (i.e., [L,L] = 0), then U (L) = S (L) 
(the £-symmetric algebra of the graded space L). 
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The canonical map il : L ^ U (L) is a G-graded homomorphism and satishes 

(a) (b) - e (|a|, |6|) u (b) il (a) = iL ([a, b]). (1-13) 

The Z-graded algebra G{L) associated with the filtered algebra U (L) is defined 
by letting G" (L) be the vector space Un (L) /Un-i {L) and G (L) the space 
©ngPiG" (L) (note U~^ {L) := {0}). Consequently, G (L) is a Z x G-graded 
algebra. The well-known generalized Poincare-Birkhoff-Witt theorem, [^, states 
that the canonical homomorphism i^ : L —> G (L) is an injective G-graded 
homomorphism; moreover, if {xi\j is a homogeneous basis of L, where the 
index set I well-ordered. Set yk^ '■= i {xkj), then the set of ordered monomials 
Vki ■ ■ ■ Vkn is a basis of U (L), where kj < kj+i and kj < fcj+i if e {gj,gj) ^ 1 
with Xkj G Lg. for all 1 < j < n,n G N. In case L is finite-dimensional U (L) is 
a graded two-sided Noetherian algebra (e.g., see for example |3|)- 


2 Generalized Enveloping Algebras 


Let L be a e-Lie algebra over K, U {L) its enveloping algebra and S (L) its e 
symmetric algebra. Let w G (L,K) be a 2-cocycle (of degree zero) for L with 
values in K considered as a G-graded trivial L-module, i.e. 

e(|z|, |a:j)tj(a;, [y,z]) + e(|a;|, \y\)uj{y, [z,x\) -f e(|y|, \ z \) lo { z , [x,y\) = 0 (2.1) 

for all homogeneous elements x,y,z G L, see 

Definition 2.1 Let L he a e-Lie algebra and co G (L,]K) a scalar graded 
2-cocycle. We call generalized enveloping algebra of L associated with lo, the 
algebra U^j {L), quotient of the tensor algebra over L by the G-graded two sided 
ideal generated by the elements of the form vi^V 2 — e(ui, V 2 )v 2 ® wi — [^^ 1 ,^ 2 ] — 
oj{vi,V 2 ), where vi,V 2 are homogeneous elements. Then the algebra Uui{L) is 
G-graded and h-filtered. 

Let w G Z^ (L, K) be a scalar graded two cocycle of the color Lie algebra L. Let 
L^ := L X K • X be a central extension of L with lo such that the new bracket 
[, ]^ is defined by 

[xi -I- ax, X2 -b bx]' := [xi, X 2 ] -b to (xi, X 2 ) x (2.2) 

where xi,X 2 G L,a,b,x G IK are homogeneous. The generalized enveloping 
algebra Uui {L) is isomorphic to the G-graded and Z-filtered algebra U (L^^) / < 
y — l>, with < y — 1 > being the G-graded two-sided ideal of U (L^^) generated 
hy y — 1 and y the image of x in G (L^^). Denote by 

TTuj : u {L^) ^ (G) (2.3) 


the canonical epimorphism. 


Definition 2.2 A graded (left) {oj, L)-module oxer K is a graded M^-module M 
endowed with a graded IK-Zmear map ip : L —>■ Homgr(M, M) such that for all 
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homogeneous elements x,y G L 


95 ( 2 /)]] = y]) + w(a;, y)iM (2.4) 

where (p(j/)]] = ip{x)(p{y) — e(|x|, \y\)ip{y)ip{x) and Im is the graded iden¬ 

tity map of M. 


Proposition 2.1 There is a 1 — 1 correspondence between graded (left) (uj,L)- 
modules and graded (left) Ucj(L) modules. 


Proof. Let (M, p) be a graded left {u>, L)-module, then the graded K linear map ip 
may be uniquely extended to a graded K homomorphism p : T{L) Homgr(M, M). 
It follows from the condition (US that p vanishes on the G-graded two sided ideal of 
Uu, {L) generated by the elements 

V10V2 - £(|r|i, \v\2)v2 ®vi- [ni,-y2] - u>{vi,V2), 

where vi, V2 are homogeneous elements. The converse is trivial. □ 

This proves in particular that for any uj S Zg^(L,K) there is a (w,L)-module, 
we can see for example that the w-enveloping algebra U^(L) is a graded (w, L)- 
module. 


Theorem 2.1 If L is a K-/ree e-Lie algebra. Let be a G-homogeneous 

basis of L, where I is a well-ordered set. For any central extension of L with uj, 
the set of ordered monomials zq ■ • • Zi„ forms a basis ofUuj (L), where ij < ij+i 
and ij < Ij+i if e igj,gj) 7 ^ 1 with pi- G Lg^ for all 1 < j < n, n G N. 


Proof. Since is a G-homogeneous basis of the vector space L, it follows that 

forms a G-homogeneous basis of the vector space I/„. Let 

i^-.L^'-^U (L„) [/„ (L) (2.5) 

denote the composition. We set Zi := iui (xi), z := iui (x), yi := il^ (xi), with i G I. 
Let be the generators of the PBW basis of U (Lui) with io £ N, io < ii and 

to < ii if e(|j/io I) \yii I) / 1. In the quotient algebra (L) = U (I/„) / < y — 1 >, the 
element is identihed with 1. Then the canonical projection 7r„ sends y''°yii ■ ■ ■ yi.^ 
into Zii • • • and it follows that the elements • • • Zi„ form a basis of (L). □ 

The restriction of the canonical homomorphism i^^j on L, see (1^ . we is again 
denoted by iu,, i.e., iu '■ L ^ Lfuj (L) satisfies for every x,y G L, homogeneous 
elements: 

[[*i.j(a;), iuj{y)]] = iu: {[x, y]) + tu (x, y) ■ iu^(L) (2.6) 

with [[i^{x), iu>{y)]] = G(x) ■ G(y) - e (|x|, | 2 /|) iuj(y) ■ iu;(x). 


Corollary 2.1 If L is a K-/ree e-Lie algebra, then for any central extension of 
L with w, iui '. L ^ Lfui {L) is an injective homomorphism. 


5 


Thus we may identify every element of L with the canonical image in U^j (L). 
Hence L is embedded in {7„ (L) and 

[[x,y]] = [x,y]+w{x,y) ■ 1 (2.7) 

for all x,y G L. The algebra U^i {L) has a positive filtration defined by taking for 
Un,w {L) the canonical image of Un{L^) by Denote by Gui(L) its associated 
Z-graded algebra , then (L) is a Z x T-graded algebra and e-commutative. 
It follows that the canonical injection 

L ^ UUL) ^ G^(T), (2.8) 

may be uniquely extended to a homorphism of the e-symmetric algebra 
S (L) of L into (L). If S'" (L) denotes the set of elements of S (L) which are 
homogeneous of degree {n,gi + ■■■ + gn), then ip^ (S" (L)) C G" (L). 

Proposition 2.2 The canonical homomorphism of S (L) into G^j (L) is a 
Z X T -graded algebra isomorphism. 


Proof. Let be a G-homogeneous basis of L, with I a well-ordered set. 

Let yii ■ ■ ■ yi„ be the product xq ■ • • calculated in S {L), ■ ■ ■ Zi.^ the product 

''' ®in, calculated in Uui (L) and the canonical image of Zij • • • Zi„ in 

Gui (L). Since the set of ordered monomials Zij • • • Zi„ form a basis of Uui (L), by 
Theorem o then the set of ordered monomials z^^ • • ■ z(^ is a basis of Gui (L). Since 
Puj {yii ■ ■ ■ yin) = z'ii • ■ • tie seen that is bijective. □ 


Proposition 2.3 If L is of finite dimensional then Uuj{L) is a graded Noethe- 
rian algebra. 


Proof. By Pronnsitinn 12.21 the generalized enveloping algebra Uuj{L) is a positively 
graded filtered algebra with its associated graded algebra gr{Uui{L)) ~ S{L). The fact 
that the e-symmetrlc algebra S{L) is graded Noetherian, see Lemma 2.3 |21 and by 
Theorem 1.1.9 |1| we deduce that Uui{L) is a graded Noetherian algebra. □ 


3 Classification of Generalized Enveloping Al¬ 
gebras 


Fix G an abelien group and e an antisymmetric bicharacter on G. Let V be a 
free G-graded vector space over K. Let S {V) denote the e-symmetric algebra of 
V. Consider the family of all pairs (A, pa) where A = U„gz+PnA is a G-graded, 
Z-filtered algebra and pA : S {V) —> G_f (A) is a G x Z-graded isomorphism. 
A map IL : {A, pa) (B,(/jb) is a G-graded, Z-filtered algebra homomorphism 
vk : A —> B such that if G (IL) : G (A) ^ G (B) is the G x Z-graded algebra 
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morphism induced by the diagram 


G{A)-^^G{B) ( 3 . 1 ) 

S{V) 

is commutative. Composition of maps is defined in the obvious way. The 
resulting category is denoted by fHgr (5'(y)). If T : {A, if a) {B, ips) is a map 
then G (dt) : G (A) ^ G (B) is a graded isomorphism, since G (d/) = ip^o ip'^^. 

Lemma 3.1 With notation as above d' : A —> B zs a h-filtered, G-graded iso¬ 
morphism. 



Proof. Let d'p : FpA —> FpH denote the K linear map induced by d*. We reason by 
induction on the integer p. It is clear that d^o is a graded isomorphism. From the 
commutativity of the diagram 


0 


0 


Fp—lA- FpA -^ Grp (A)-^ 0 



1 


S'p 


Gp('I') 


Fp_iB-^ FpB -^ Gp(B)-^ 0 


(3.2) 


at d'p-i and Gp (dz) are graded isomorphisms, it is easily seen that dip is also a graded 
isomorphism. Since p is arbitrary, the assertion holds. □ 


Lemma 3.2 For each (A^ipa) pO'ir ofiR(S(V)) there is a pair (L, [w]) where L 
is a e-Lie algebra and [w] S H^,, (L, K) such that FiA = = L k K, with uj is 

a representative of [cn]. 

Proof. Let a,b & FiA be homogeneous elements, we have [a,6] := ab — e(a,b)ba £ 
F 2 A. Since G (A) is e-commutative via ipA, then [a,b] G FiA. Thus FiA acquires 
a structure of a e-Lie algebra. It is clear that K = FqA is a central G-graded ideal 
of FiA. The G-graded isomorphism S'i(F) = FiA/FqA given by ipA, induces a e-Lie 
structure on 5i(F), denote it by L. Then the following sequence 

0 ^ K ^ FiA ^ L ^ 0 (3.3) 

is central G-graded exact and tt induced by ipA- Thus i and tt are graded homomor- 
phisms (of degree zero) of e-Lie algebras. Since 5i(F) is K-free, there exists a graded 
linear map ct : L —> FiA (necessarily of degree zero) such that tt o e = id_FiA. We then 
have 

Tv{[[a{x),a{y)]\ - [x,y]) = 0 

for all (homogeneous) x,y £ FiA. Hence, there is a unique map u) : L x L ^ K. such 
that 

i{uj{x,y)) = [[(T{x),a{y)]] - cr([a:,y]) (3.4) 

for all (homogeneous) x,y £ L, and it is easy to see that w is a homogeneous 2-cocycle 
of degree zero, i.e, w £ Zg^ (L,K). From |^, it follows that the cohomology class [w] 
of UJ is independent of the choice of u. □ 
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Theorem 3.1 Let G he an abelien group and e a symmetrie bicharacter on G. 
Let V be G-graded K-/ree module. Let S {V) he the e-symmetric algebra on V. 
The isomorphism classes of objects in d\gr (iS'(y)) are in a T1 correspondence 
with pairs {L, [w]) where L is a e-Lie algebra on V and [a>] is an element in 
If uj is a cocycle in the cohomology class [w], then (JJc^ {L), ip^^) is 
an object in the isomorphism class determined by {L, [w]). 

Proof. Let L be a e-Lie algebra structure on V and a; is a representative of the 
cohomology class [w] G Hg^(L,]K). Using Proposition 12.21 then {Uui (L) , pui) is an 
object in 9lgr (S). Consider the exact sequence of graded algebras 

0^K^Fi(t/„(L))^L^0 (3.5) 

where is induced by pui- The map i^j '■ L —>■ Fi {U^{L)) is a K-homogeneous linear 
section and the relation shows that {Uui (L) ,Pui) yields (L, [a;]). Let {A, pa) £ 

ytgr {S{V)) be another object. Choose a : L ^ F\A so that II3.4II is valid for the 
cocycle uj. Let o : T (L) ^ A be the natural homogeneous extension of a. If x, j/ G L 
are homogeneous, then, 

d{x®y- e(|x|, \y\)y ® x - \x,y\ -uj{x,y)) = [la{x),a{y)]] - (j{[x,y]) - io{x,y) = 0 . 

Then a induces a G-graded, Z-filtered homomorphism of algebras a : Uui{L) —> A. We 
then have 

G{Uu.) G(A) (3.6) 

‘•PA 

S{V) 

For X G 0 , cr (x) is in the coset pa{x) of FiA mod foA. Thus, G {a) (x) = 

G (a) iuj (x) = Pa ( x ). Hence the diagram above is commutative. Thus, a : (Uuj, Pui) ^ 
(A, i^a) is a map and then an isomorphism by T,emma. l3.1 1 □ 

From Theorem 13.II we retain in particular that {Uuj^{L), Puji) and {Uuj^{L), ^<^ 2 ) 
are Z-filtered, G-graded isomorphic if and only if, uji and u )2 are (graded) coho- 
mologous. 



4 Homological Properties of and Color Hopf 

Algebra 


Let G be a commutative group and y : G ^ K* a bicharacter. 

Definition 4.1 A {G,x)-Hopf graded algebra A is a 5-tuple (A, m, ry, A, e. S') 
such that 

1. A = ©ggcjAg is a graded algebra with multiplication m : A® A —> A and 
the unit map rj : K —> A. Moreover, {A, A, e) is a graded coalgehra with 
respect to the same grading. 




2. The counit e : A —> K is an algebra map. The comultiplication 

A : A —> {A 0 A)^ is an algebra map, where the algebra {A 0 A)^ is 
equipped with multiplication * defined by 

{aiS>b) * (a' ® b') = xi\b\, \a'\)aa' ® bb', (4.1) 

where a, a' £ A and b,b' G B are homogeneous. 

3. The antipode S : A —> A is a graded map such that 

'^aiS{a 2 ) = e{a) ='^S{ai)a 2 (4.2) 

for all homogeneous a € A, where we use Sweedler’s notation 

A(a) = Oi ® 02 


Definition 4.2 A n algebra is said to be a color Hopf algebra if it is a {G,x)~ 
Hopf algebra with the antipode being an isomorphism. 

Let M be a graded A-bimodule, then we define a left A-module by 

am = E X(|a(2)|, |TO|)a(i).TO.S'(a(2)), (4.3) 

for homogeneous a € A and m G M. It is called the adjoint A-graded module 
and denoted by “'^M. 

Theorem 4.1 Let A = {A,m,ri, A,e, S) be a color Hopf algebra and let M be 
a graded A-bimodule. Then there exists an isomorphism of graded spaces 

HH” (A, M) - Ext(^_g,(K,“'^ M), n>0, 

where K is viewed as the trivial graded A-module via the counit e, and is 
the adjoint A-module associated to the graded A-bimodule M. 

Proof. See [21 • □ 


Proposition 4.1 Let L be a e-Lie algebra andiv G Zg^. (L,K) a scalar 2-cocycle. 
Then the generalized enveloping algebra Uuj{L) of L is a color Hopf algebra. 

Proof. It ’s shown in |2| that the graded tensor algebra T{L) is a color Hopf algebra. 
Moreover it is easy to prove that the two-sided ideal generated by the elements, wi (g) 
V 2 — e{vi,V2)v2 <E)Vi — [vi,V2\ — u){vi,V 2 ), where vi,V2 are homogeneous elements, is a 
graded Hopf ideal. It follows that the generalized enveloping algebra becomes a color 
algebra Hopf by quotient. □ 

Now we can apply the theorem for the generalized universal enveloping algebra 
Uui{L) of a G-graded e-Lie algebra L. In fact, if M is a graded C/c^(L)-bimodule, 
the adjoint (L)-module is given by 

ad(x)m = x.m — e(|x|, |m|)m.a; = [[x, m]] (4-4) 

for all homogeneous x G L and m G M. Thus we have 
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Corollary 4.1 Let L he a G-graded e-Lie algebra and Uuj{L) its universal gen¬ 
eralized enveloping algebra. Let M he a graded Uuj{L)- bimodule. Then there 
exists a graded isomorphism 

HH^,([7^(L),M) = n > 0, 

where is the adjoint Uui{L)-module associated with the graded Uuj{L)-bimodule 
M defined by ISP- 


It follows from |21 that the sequence 

C:...^Cn^ Cn-i ^ ...Cl A Co (4.5) 

is a G-graded U{L^)-iTee resolution of the G-graded trivial U{L^)-\eit module 
K via e where Cn = U{L^) (g)K and the operator d„ is given by 


dn{u<Si {xi,--- ,Xn)) 

n 

= UXi® {xi, - ■ ■ , fi, . • • , Xn) 

i=l 

+ S U® {[Xi,Xj],Xi, ... ,fi, . ■ ■ ,Xj, - ■■ ,Xn) , 

l<2<_j<n 

for all homogeneous elements u € U(L^) and Xi G L, with Cj = 01=1 
* > 2, £i = 1 and the sign ^ indicates that the element below it must be 
omitted. The differential operator d maps U{L^) <y — 1> (8 )k A" L into itself, 
then it passes to the quotient, i.e., d : Cn Cn-i and satisfies that d o d = 0 
where G„ = U^{L) (g)K A"L. 

Proposition 4.2 The sequence 

G:... ^G„^^G„_i^...Gi ACo (4.6) 

is a G-graded Uui[L)-free resolution of the G-graded trivial Uuj{L)-left module K 
via e. 


Proof. Let {xi}j be a homogeneous basis of L, where / is a well-ordered set. By 
Theorem 12.1 I t, he elements 


Xki- - ■ Xkm ® {xh ■ ■ - xi^) 


(4.7) 


with 


ki < ■ ■ ■ < km and ki < h+i if e(|a:fcj, |a;fej) =-1 (4.8) 


and 

li<---<ln and k < k+i if e(|a;i. |, |a;(. |) = 1 (4.9) 

form a homogeneous basis of Cn ■ The canonical filtration of (L), induces a filtration 
on the complex C. The associated .Z-graded complex G{C) is G-graded and isomorphic 
to the Z X G-graded complex S{L) ® AeL. It follows from Lemma 3, | 5 ], that the 
complex G(G) is acyclic and consequently so is G. □ 
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Let M be a G-graded left (w, L)-module, we define the graded cohomol¬ 
ogy group of L with coefficients in M by 

M) := Ext^^(^)_g,(K, M). (4.10) 

The modules on the right hand side can be computed using the left graded 
C4i(L)-projective resolution of K. If M is a graded left (w, L)-module, the 
graded cohomology groups are the graded homology groups of the complex: 

Homj/^(i)_gr(G„, M) = Hom[/^(i)_gr(G^(L) ® A”L, M) = HomiK-gr-(A”L, M). 

The coboundary operator in this cocomplex is 

,Xn+l) (4.11) 

n+1 

= Xj/ (cCi, • • • , fj, • • • , Xn+l) (4.12) 

+ ^ {-iy^^£i£j£{Xj,Xi) f ([Xi,Xg],a;i, • • • • • • ,Xj, ■ ■ ■ ,Xn+l) ■ 

l< 2 <_ 7 <n+l 

(4.13) 


Theorem 4.2 Let L be a G-graded e-Lie algebra, uj € Hg^(L,IlC) and let Uui{L) 
be its generalized universal enveloping algebra. Let M be a graded [4;(L)- 
bimodule. Let °‘‘^M he the adjoint graded left {L, uj)-module defined by 

ad(x)m = [[a;, m]] := xm — e(|a;|, |m|)ma; 

for all homogeneous elements x € L and m G M. There exists an isomorphism 

H^,,,(V''M)~HH;V(C/^(L),M), n>0. (4.14) 

Proof. It is a direct consequence from above and Corollary mu □ 
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